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ABSTRACT 
This report studies the secondary pattern of a perfectly conducting offset 
main reflector being illuminated by a point feed at an arbitrary location. The 
method of analysis is based upon the application of the Fast Fourier Transform 
(FFT) to the aperture fields obtained using geometrical optics (GO) and 
geometrical theory of diffraction (GTD). Key features of the present work are 
( i) the ref lector surf ace is completely arbitrary, (ii) the incident field 
from the feed is most general with arbitrary polarization and location, and 
(iii) the edge diffraction is calculated by either UAT (Lee and Deschamps) or 
by UTD (Kouyoumjian and Pathak). Comparison of this technique for an offset 
parabolic reflector with the Jacobi-Bessel and Fourier-Bessel techniques shows 
good agreement. Near field, far field, and scan data of a large reflector are 
presented. 
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1. INTRODUCTION 
R e f l e c t o r  a n t e n n a s  a r e  wide ly  used i n  communCcation s a t e l l i t e  sys tems  
because  of t h e i r  r e l a t i v e l y  good r a d i a t i o n  c h a r a c t e r i s t i c s ,  low c o s t ,  and 
l i g h t  weight .  A c e n t r a l  problem i n  t h e  a n a l y s i s  o f  a  r e f  l e c t o r  a n t e n n a  is  
t h e  s e c o n d a r y  p a t t e r n  computation. As s k e t c h e d  i n  F i g u r e  1, f o r  a n  i n c i -  
d e n t  f i e l d  from a  f e e d  l o c a t e d  a t  P1, t h e  problem is t o  c a l c u l a t e  t h e  s c a t -  
+ 
t e r e d  f i e l d  tS from a  known r e f l e c t o r  C a t  a f a r - f i e l d  o b s e r v a t i o n  p o i n t  r. 
S e v e r a l  methods e x i s t  f o r  c a l c u l a t i n g  t h e  high-f requency  a s y m p t o t i c  s o l u -  
t i o n  of ES(;), a s  e x p l a i n e d  below. 
( i )  P h y s i c a l  O p t i c s  Method (PO, Fig.  l a )  [11-[71. The induced  
+i 
c u r r e n t  on t h e  r e f l e c t o r  is approximated by 2n x H . ,An i n t e g r a -  
t i o n  of t h i s  c u r r e n t  o v e r  t h e  curved r e f l e c t o r  Z g i v e s  t h e  f a r  
f i e l d  +ES. 
( i i )  Geomet r ica l  Theory of D i f f r a c t i o n  (GTD, Fig.  l b )  [ a ] - [ l o ] .  A t  a 
+ + S 
f a r - f i e l d  o b s e r v a t i o n  pc!nt  r, t h e  s c a t t e r e d  f i e l d  E c o n s i s t s  of 
7 two terms: t h e  r e f l e c t e d  f i e l d  on ray P1O , and t h e  edge 
4 d i f f r a c t e d  f i e l d  on r a y  P  0 . 1  
( i i i )  A p e r t u r e  I n t e g r a t i o n  Method (AI, F i g -  l c )  [ I ] ,  [111-[13] The 
f i e l d  on a p e r t u r e  p l a n e  L a  i s  f i r s t  c a l c u l a t e d  by t r a c i n g  a 
r 
r e f l e c t e d  ray  P1O P2 u s i n g  g e o m e t r i c a l  o p t i c s  t h e o r y  and an  edge 
d  d i f f r a c t e d  ray  P1O P2 u s i n g  GTD. Next, we i n t e g r a t e  t h e  f i e l d  
o v e r  L a  v i a  FFT t o  o b t a i n  t h e  s c a t t e r e d  f a r - f i e l d  2'. 
'A . The a c c u r a c y  of t h e  above t h r e e  methods is d i s c u s s e d  below. As a 
r e f e r e n c e ,  le t  us  r e p r e s e n t  t h e  e x a c t  s o l u t i o n  o f  2' by a high-frequency 
5 
' s a s y a p t o t i c  series, namely, 
- k 9 
P (7)  
( a )  Physical Optics Method 
' I  \ (b) GTD 
PI u\ (c)  Aperture Integration Method 
+s Figbre 1 .  Three ioethods for calculating scattered f ie ld  E from a reflector. 
3 
d s < f )  - e ... j , f o r  k + (1.1) 
Then, we may summarize t h e  accuracy  and l i m i t a t i o n s  of t h e  t h r e e  methods i n  
t h e  fo l lowing  t a b l e :  
TABLE 1 
ACCURACY AND LIMITATIONS OF PO, A I ,  AND GTD 
I n  t h i s  r e p o r t ,  we w i l l  s t udy  t h e  mai - r e f l e c t o r  f a r - f i e l d  p a t t e r n  
u s i n g  t h e  a p e r t u r e  i n t e g r a t i o n  (A11 method i o r  t h e  fo l lowing  r e a s o  
4 
( 1 )  Unlike t h e  o t h e r  ti.0 methods, A 1  g i v e s  t h e  n e a r - f i e l d  ( a p e r t u r e  
f i e l d )  as w e l l  a s  t h e  f a r  f i e l d .  Most of today ' s  l a r g e  r e f l e c t o r  
measurements a r e  done i n  a  nea r  f i e l d  range. Thus, o n l y  A 1  
p rov ides  a convenient  t h e o r e t i c a l  check f o r  t h e  nea r  f i e l d  
measurements. 
(ii) The accuracy  of  A 1  is  comparable t o  t h e  popular  PO. The u s e  of 
FFT i n  A 1  makes i t  numer ica l ly  e f f i c i e n t .  Furthermore,  a s  w i l l  
be d i s cus sed  l a t e r ,  t h e  p r e s e n t  A1  fo rmula t ion  i s  most s u i t a b l e  
f o r  e x t e n s i o n  t o  m u l t i p l e  ( 2  o r  more) r e f l e c t o r s .  
There e x i s t s  an e x t e n s i v e  l i s t  of publ i shed  l i t e r a t u r e  on A 1  - n o t a b l y ,  
S i l v e r  ( I ] ,  Kauffman and Croswel l  [ I l l ,  Acosta [ I ? ] ,  and Hwang, Tsao, and 
Methods 
PO 
A 1  
GTD 
Accuracy 
recover  4 and p a r t i a l  il 
- 
recover  and All 
Limit  a t  i o u  
n o t  a c c u r a t e  f o r  
wide-angle l obes  
p r e d i c t s  i n f i n i t e  
f i e l d  i n  main 
beam d i r e c t i o n  
( c a u s t i c s )  
t 
Han (131. I n  comparison wi th  t h e s e  p r i o r  works, t h e  p r e s e n t  A 1  anzi lysis  may 
be cons idered  a s  an  e x t e n s i o n  i n  one o r  more of t h e  fo l lowing  a r e a s :  
( 1 )  The s u r f a c e  of t h e  r e f l e c t o r  l a  comple te ly  a r b i t r a r y .  It can  be a 
numer i ca l ly  s p e c i f i e d  su r f ace .  
(11)  The edge of t h e  r e f l e c t o r  is  not  r e s t r i c t e d  t o  a c i r c u l a r  curve.  
It can  be a n  a r b i t r a r y  curve  l y i t g  on a:i e l l i p t i c a l  cone o r  
c y l i n d e r .  
( i l l )  The d ivergence  f a c t c r  of t h e  GO f i e l d  is  c o r r e c t l y  computed. 
Hence, o u r  a n a l y s i s  i s  nor z c s t r i c t e d  t o  f e e d s  l o c a t e d  very  c l o s e  
t o  t h e  f o c a l  p o i n t  ( i n  which c a s e  t h e  d ivergence  f a c t o r  is n e a r l y  
u n i t y  and is ignored  b.- s e v e r a l  r e sea rche r s ) .  
( i v )  The edge d i f f r a c t e d  f i e l d  i s  inc luded  i n  t h e  a p e r t u r e  f i e l d  
c a l c u l a t i o n .  Near tne i n c i d e n t  and r e f l e c t e d  shadow boundar ies ,  
two uniform t h e o r i e s  [14]-[15]  a r e  used s o  t h a t  t h e  a p e r t u r e  
f i e l d  is c:,ntinuous from t h e  l i t  t o  t h e  shadow region.  
I n  s h o r t ,  t h e  p r e s e n t  A 1  a n a l y s t s  r e p r e s e n t s  a g e n e r a l i z e d  and improved 
ve r s ion  of p rev ious  work. I n  p a r t i c u l a r ,  i t  is  amendable f o r  a convenient  
e x t e n s i o n  f o r  ana lyz ing  w a l t i p l e  r e f l e c r o r s .  
The o r g a n i z a t i o n  of t h i s  r e p o r t  is a s  fo l lows:  The d e s c r i p t i o n  of  t h e  
problem is desc r ibed  i n  S e c t i o n  2. The i n c i d e n t  f r e l d ,  f eed  c o o r d i n a t e s ,  
and power r a d i a t e d  Vrom t h e  f eed  a r e  covered i n  S e c t i o n  3. S e c t i o n s  4 and 
5 g i v e  a step-by-step procedure t o  compute t h e  va r ious  c o n t r i b u t i o n s  t h a t  
make up t h e  a p e r t u r e  f i e l d ,  namely, t h e  geome t r i ca l  o p t i c s  and edgz- 
d i f f r a c t e d  f i e l d s .  S e c t i o n  6 covers  t h e  a p e r t u r e  f i e l d  t heo ry ,  t h e  app l i ca -  
t i o n  of t h e  FFT, and g a i n  normal iza t ion .  Numerical r e s u l t s  and concluding  
remarks w i l l  be presented  i n  S e c t i o n s  7 and 8. 
2.  DESCRIPTION OF PROBLEM 
The geometry of t h e  problem u n d e r  c o n s i d e r a t i o n  i s  s k e t c h e d  i n  
F i g u r e s  2  and 3. A r e f l e c t o r  C is i l l u m i n a t e d  by t h e  i n c i d e n t  f i e l d  from 
a poi.nt s o u r c e  a t  P The problem is  ( a )  t o  d e t e r m i n e  t h e  high-frequency 1' 
a s y m p t o t i c  s o l u t i o n  o f  t h e  t o t a l  f i e l d  a t  an  o b s e r v a t i o n  p o i n t  on t h e  a p e r -  
t u r e  g r i d  C as shown i n  F i g u r e  2, and ( b )  t o  d e t e r m i n e  t h e  s e c o n d a r y  
a  
p a t t e r n  u s i n g  t h e  FFT a s  d e p i c t e d  i n  F i g u r e  3. In t h i s  s e c t i o n ,  we s h a l l  
d e s c r i b e  t h e  v a r i o u s  elemeA.ts i n v o l v e d  i n  t h e  problem. 
2.1. Coord ina te  Systems and Time Conve:~t  i o n  
The main c o o r d i n a t e  sys tem is t h e  r e c t a n g u l a r  sys tem ( x ,  y, z ) ,  whose 
o r i g i n  and o r i e n t a t i o n  a r e  a r b i t r a r i l y  chosen. Tn c a l c u l a t i n g  t h e  edge 
d i f f r a c t e d  f i e l d  which i n v o l v e s  t h e  boundary of t h e  r e f l e c t o r ,  we employ 
a  p r i w d  r e c t a n g u l a r  system (x',yO , t ' ) ,  wllose r e i a t i o n  w i t h  ( x , y , z )  is 
e x p l i c i t l y  s t a t e d  l a t e r .  The f e e d  c o o r d i n a t e  sys tem (x , y  ,z ) r e q u i r e d  t o  f  f  f  
d e s c r i b e  t h e  p o l a r i z a t i o n  and i n c i d e n t  f i e l d  is  r e l a t e d  t o  t h e  mai? coor-  
d i n a t e  sys tem by E u l e r i a n  a n g l e s  [161. T h i s  w i l l  be d i s c u s s e d  i n  d e t a i l  i n  
S e c t i o n  3. The time f a c t o r  is  e x p ( + j w t )  and is s u p p r e s s e d  th roughout .  
2 . 2 .  Source 
We assume t h a t  t h e  s o u r c e  has  a  wel l -def ined  "phase c e n t e r "  a t  P w i t h  1 
i + i  
c o o r d i n a t e s  (x ,Y ,z 1, and r a d i a t e s  a  s p h e r i c a l  wave denoted  by (8 ,E ), 1 1  1 
I f  t h e  feed is an a r r a y ,  i t  is n e c e s s a r y  t o  c o n s i d e r  e a c h  e lement  i:, t h e  
a r r a y  s e p a r a t e l y  and s u ~ e r i m p o s e  t h e i r  f i n a l  s c a t t e r e d  f i e l d s .  
2 . 3 .  Qef lec to r  C 
The p e r f e c t l y  c o n d u c t i n g  s u r f a c e  i s  d e s c r i b e d  b j  t h e  e q u a t i o n  
Figure 2. A ref lector  1 with edge r being illuminated by 
the incident f i e l d  from a point source a t  PI. 
C 
Secondary 
Figure 3. Secondary pattern using the Fasr Fourier Transform. 
z = f ( x , y )  , f o r  a < x < b and c < y  < d  (2 -1 )  
It is n o t  n e c e s s a r y  t o  k n w  t h e  a n a l y t i c a l  form of  t h e  f u n c t i o n  f (x ,y ) .  I n  
f a c t ,  t h e  p r e s e n t  computer program r e q u i r e s  o n l y  a set of d i s c r e t e  d a t a  
p o i n t s  (xn ,yn , fn )  w i t h  n = 1,2,...,N as t h e  d e s c r i p t i o n  o f  t .  Those p o i n t s  
are f i t t e d  by a c u b i c  s p l i n e  which g i v e s  a u t o m a t i c a l l y  f i r s t  and second  
2 2  2 2 p a r t i a l  d e r i v a t i v e s  of  f ,  namely, a ~ / a x ,  a t l a y ,  a f / a x 2 ,  a t / a x a y ,  a f l a y  . 
T h e r e  a r e  two r e q u i r e m e n t s  on t h e  c u b i c - s p l i n e  f i t :  ( i )  t h e  d a t a  p o i n t s  
c a n  be d i s t r i b u t e d  o v e r  a random g r i d ,  b u t  t h e y  must be  d e n s e  enough t o  
d e s c r i b e  t h e  f i n e  d e t a i l s  o f  2 ;  ( t i )  t h e  domain o f  t h e  d a t a  p o i n t s  
(a  < x < b , c  < y  < d)  must be somewhat g r e a t e r  t h a n  t h e  a r e a  d e f i n e d  by t h e  
boundary l' of t h e  r e f l e c t o r .  Thus,  we must know s u r f a c e  C i n  t h e  shaded  
r e g i o n  i n  F i g u r e  4 as wel l .  T y p i c a l l y ,  t h e  "width" of t h e  shaded  r e g i o n  is  
a b o u t  3 t o  4 & e l e n g t l ~ s .  Our p r e s e n t  program c o n t a i n s  a n  e x t r a p o l a t i o n  
s u b r o u t i n e ,  which a u t o m a t i c a l l y  e x t e n d s  C outward "smoothly t o  o b t a i n  t h e  
n e c e s s a r y  d a t a  p o i n t s  i n  t h e  shaded region."  The f i n a l  s c a t t e r e d  f i e l d ,  
f o r  a l l  p r a c t i c a l  purposes ,  is independent  o f  t h e  s u r f a c e  o u t s i d e  l' . 
Consequent ly ,  t h e  e x a c t  manner i n  which t h e  e x t r a p o l a t i o n  is done f s  
un impor tan t .  
2.4. Boundary l' 
Two t y p e s  of r e f l e c t o r  b o u n d a r i e s  a r e  most f r e q u c q t l y  used i n  prac- 
t ice ,  and t h e y  r e c e i v e  o u r  s p e c i a l  a t t e n t i o n .  
( a )  C y l i n d e r  Case. I n  t h e  f i r s t  c a s e ,  I' is t h e  i n t e r s e c t i o n  o f  s u r -  
f a c e  C and a n  e l l i p t i c a l  c y l i n d e r  ( F i g u r e  5a).  The p a r a m e t e r s  o f  t h e  
c y l i n d e r  a r e :  
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y - c  
Figure 4. Projection of reflector 1 and i t s  boundary I' on r y  plane. 
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a. r on e l l i p t i c a l  cylinder. 
b. I' on e l l i p t i c  i cone. 
Figure 5. ltro examples of boundary I' of the ref lector .  
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(xc ,vc )  = c e n t e r  of  t h e  e l l i p s e  
(K K ) = s e m i a x i s  a l o n g  (x ,y)  d i r e c t i o n .  1 '  2  
Using a p o i n t  on t h e  a x i s  of  t h e  c y l i n d e r  as t h e  o r i g i n ,  we i n t r o d u c e  t h e  
second  r e c t a n g u l a r  c o o r d i n a t e s  s y s t e m  (x' , v ' , z O )  s u c h  t h a t  
The c u r v e  I' may be d e s c r i b e d  by a p a r a m e t r i c  e q u a t i o n  w i t h  p a r a m e t e r  O',  
o < + - < n ,  - 
x' = gl (OO)  = p a  c o s  0' 
r:  V' = g,($') = p' s i n  $' I - 2' = g3(.+') = f ( x  = x C + R I , P  ' Yc + g2) 
where 
The p r o j e c t i o n  of r on t h e  x-y p l a n e  is always an e l l i p s e .  
(b) Cone Case. I n  t h e  second  c a s e ,  I' is t h e  i n i e r s e c t i o n  of s u r f a c e  
Z and a n  e l l i p t i c a l  cone ( F i g u r e  5b). The a x i s  o f  t h e  cone  lies i n  t h e  
y' - z' p l a n e  and i t s  p a r a m e t e r s  a r e  
( X  = 0 , y  = 0 , ~  = -p) = t i p  o f  cone 
O 3  = i n c l i n a t i o n  a n g l e  of cone  a x i s  measured from z -ax i s  
(8  , , 0 2 )  = ha l f -cone  a n g l e s  i n  t h e  x' - z' and y' - 7.' p l a n e  
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Using the cone tip as the origin, the primed coordinates (x',y',zO) are 
introduced such that 
I Y' I -Y CoS e3 - (z - p) sin O3 
I z' = y sin e3 - (z  - p) cos e3 
Using parameters 4', the curve r is described by 
r: y' g2( 4') a p' sin 4' I 
2 [z' g3(+*) = pP[(cot el cos 4') + (cot eZ sin 4') 1 112 (2.6) 
To determine p' as a function of g', we must solve the following nonlinear 
equation: 
f(x,y) - p + y' sin 8 + z' cos a3 = 0 3 (2.7) 
For a given $', there is a unique root p' from (2.7) .  The pair (g', p') 
gives the desired relation p' = pO($') ,  which is fitted by spline functions. 
The projection of r on the x-y plane is, in general, a pear-shaped curve. 
(c) Arbitrary Case. In addition to the above two frequently used 
special cases, r may be an arbitrary curve described by 
x' = g1(4*),y0 = g2($'),z0 = g3(4') 
where (x',y4,z') is related to (x,y,z) by either (2.2) or ( 2 . 5 ) .  The func- 
tions (g ,g ,g ) can be specified either analytically or numerically. 1 2 3  
2.5. Aperture Grid Po in t s  
A g e n e r a l  po in t  on the  a p e r t u r e  p l ane  Z is  denoted by P2 wi th  coor- 
a 
d i n a t e s  (x  , y  , z  1. Each po in t  on C a  as shown i n  F igu re  3 is fed i n t o  t h e  2 2 2  
computer f o r  repea ted  c a l c u l a t i o n s  of t h e  s c a t t e r e d  f i e l d .  It is e s s e n t i a l  
t h a t  s u c c e s s i v e  obse rva t ion  p o i n t s  a r e  a d j a c e n t ,  because of t h e  fo l lowing  
f a c t .  In  de te rmining  t h e  r e f l e c t i o n  ( s p e c u l a r )  p o i n t s  on t h e  r e f l e r r o r ,  we 
make an exhaus t ive  s ea rch  on ly  f o r  t h e  f i r s t  obse rva t ion  poin t  i n  a  batch.  
From the  second poin t  on, we use  t h e  r e f l e c t i o n  po in t  of t h e  previous  
obse rva t ion  po in t  as the  i n i t i a l  guess  f o r  t h e  c u r r e n t  r e f l e c t i o n  poin t .  
It is only when s u c c e s s i v e  obse rva t ion  p o i n t s  a r e  adjacc.nt t h a t  such an 
i n i t i a l  guess  ensu re s  f a s t  convergence. In t h e  ca se s  t h a t  were cons idered ,  
o n l y  one i t e r a t i o n  was needed t o  o b t a i n  t h e  r e f l e c t i o n  po in t  f o r  a l l  obser-  
v a t i o n  p o i n t s  o t h e r  than  the  f i r s t  obse rva t ion  po in t .  
2.6. Method of So lu t ion  
+i +i For a g iven  i n c i d e n t  F ie ld  (H ,E ) from the  sou rce  a t  P1, t h e  .symp- 
t +t t o t i c  s o l u t i o n  of t h e  t o t a l  f i e l d  (k ,E ) a t  po in t  P2 i s  determined by 
K e l l e r ' s  geome t r i ca l  theory  of d i f f r a c t i o n  (GTD) [171. E x p l i c i t l y ,  t h e  
t o t a l  magnetic f i e l d  is  a s y m p t o t i c a l l y  g iven  by 
+t Kel le r :  H (P,,) = fig + kd + ~ ( k - I ) ,  k  + - 
Here p, t h e  geometr ica l  o p t i c s  f i e l d ,  is of o rde r  ko r e l a t i v e  t o  t h e  fnc i -  
dent  f i e 1 6  and i s  t h e  dominant term. The second term kd i s  t h e  edge- 
+d d i f f r a c t e d  f i e l d  and is of o rde r  k-l'*. It is well-known t h a t  H becomes 
i n f i n i t e  and (2.8) f a i l s  i f  obse rva t ion  po in t  P2 is c l o s e  t o  t h e  i n c i d e n t  
o r  r e f l e c t e d  shadow boundary. In t h e  l a t t e r  ca se ,  we w i l l  use t h e  uniform 
asymr to t i c  t heo ry  (UAT) [14 ] ,  (181-(211, which a l o u n t s  t o  rep lac in^ kd i n  
*D (2.8) by a  new term H ( w i t h  c a p i t a l  D): 
UAT: tdt(p2) = $ + ED + o(k-') , k + (2.9) 
Once kt i s  found, we c a l c u l a t e  Ft from i t  by u s i n g  t h e  f a c t  t h a t  k, kd, 
D 
and k a r e  a l l  t h e  so-ca l led  " ray  f i e l d s "  which a r e  l o c a l l y  p lane  waves. 
Once t h e  t a n g e n t i a l  f i e l d s  (gt o r  k t )  on Z a  a r e  ob t a ined ,  t h e  Four i e r  
t r ans fo rm of t h e s e  f i e l d s  w i l l  e s s e n t i a l l y  produce t h e  secondary p a t t e r n .  
Th i s  w i l l  be d i s cus sed  i n  d e t a i l  i n  S e c t i o n  6. 
3. INCIDENT FIELD 
The d e f i n i t i o n  of the  i n c i d e n t  f i e l d  is given. The i n c i d e n t  power 
from an a r b i t r a r i l y  po la r i zed  feed is  der ived s o  t h a t  t h e  secondary p a t t e r n  
has the  c o r r e c t  gain  l eve l .  F i n a l l y ,  t h e  computation of the  inc iden t  f i e l d  
a t  a point  on the  r e f l e c t o r  i n  t h e  r e f l e c t o r  system i s  described.  
3.1. Def in i t ion  of Inc iden t  F i e l d  
The su r face  cur ren t  a t  the  r a d i a t i n g  a p e r t u r e  of the  feed element may 
be expressed a s  
where ( a ,  b, $1 a r e  r e a l  and 
By choosing (a ,b ,$) ,  one may o b t a i n  any feed po la r i za t ion .  Table 2 shows 
t h e  values of a , b , $  corresponding t o  l i n e a r  and c i r c u l a r  po la r i za t ions .  
TABLE 2 
VARIOUS FEED POLARIZATIONS 
1 
l i n e a r  x 






1 / f i  
0 
1  








The r a d i a t e d  e l e c t r i c  f i e l d  due t o  3 given  by (3.1) i s  
where 1 ( 8 , 4 )  i s  t h e  a c t i v e  element pa t t e rn .  The func t ion  l ( 8  ,() may be 
approximately expressed by 
f ( 0 , O  = i ~ ~ ( e ) ( a e "  cos  ( + b s i n  (1 + ; U ~ ( B ) ( : '  cos ( - aeJ' s i n  (1  (3.4) 
where 
UE(8) - E-plane a c t i v e  p a t t e r n  
UH(8) = H-plane a c t i v e  p a t t e r n  
Typ ica l ly ,  t h e s e  a c t i v e  p a t t e r n s  may be approximated by (cos  8 )q, i .e. ,  
3.2. Inc iden t  Power Radiated 
From (3.3) and (3.4), t h e  r a d i a t e d  e l e c t r i c  f i e l d  is given by 
+ e-Jkr 
E - -  
r [UE(e)(aej '  cos ( + b s i n  (18 + UH(8 ) ( b  cos  - aeJ' s i n  ( $1 
(3.6) 
The power r a d i a t e d ,  assuming forward r a d i a t i o n  on ly ,  is 
2n a12 + + 
E m  E* P = 1 1 -r2 s i n  ~ d ~ d +  
$10 810 '0 
where 
zo = 12m ohms. 
Using (3.2), (3.6), and (3.8). t h e  i n c i d e n t  power r a d i a t e d  is 
For (COS e l q  type  p a t t e r n s ,  
3.3. Determining t h e  I n c i d e n t  F i e l d  on t h e  R e f l e c t o r  
The geometry of t h i s  problem is i l l u s t r a t e d  i n  F igure  6. The feed  
c o o r d i n a t e  system ( x f , y f , z f )  and t h e  main reflector system (x ,y , z )  a r e  
r e l a t e d  by Eu le r i an  a n g l e s  y1,y2,y3. In t h e  most g e n e r a l  case ,  t h e s e  
C a r t e s i a n  systems can be a l i g n e d  by t h r e t  r o t a t i o n s .  The a n g l e s  of t h e s e  
r o t a t i o n s  a r e  known a s  E u l e r i a n  angles .  F igure  7 i l l u s t r a t e s  t h e  E u l e r i a n  
a n g l e s  y 1,y2,y3. The d e f i n i t i o n s  of t h e s e  a n g l e s  [22] a r e  a s  fo l lows .  
Angle y 1  d e s c r i b e s  a  counterc lockwise  (ccw) r o t a t i o n  about  t h e  r a x i s  which 
b r i n g s  t h e  x a x i s  t o  t he  x" a x i s  a l i gned  wi th  t h e  l i n e  of nodes ( l i n e  of 
i n t e r s e c t i o n  between xy and x y p l a n e s ) ,  ang le  y 2  d e f i n e s  a  r o t a t i o n  about  f f  
t h e  l i n e  of nodes i n  a  ccw sense  as i n d i c a t e d  s o  t h a t  t h i s  b r i n g s  t h e  z 
a x i s  t o  z and ang le  y is ano the r  r o t a t i o n  about  t h e  z a x i s  and a l i g n s  f '  3 f  
A I 
t h e  x" a x i s  wi th  t h e  x a x i s  i n  a  ccw sense.  T y p i c a l l y ,  x  and z a r e  f  f  f 
given.  Let t he se  u n i t  v e c t o r s  be expressed by 
Then, t h e  Eu le r i an  ang le s  a r e  g iven  by 
ORlQiNAL PACE 19 
OF POOR QUALITV 
Figure 6. Feed and reflector coordinate systems. 
LINE OF NODES 
( INTERSECTION OF 
X" AND x, yf PLANES) 
Figure 7.  Eulerlan angles. 
- 1 y j  = t a n  '3 
["x2 - X1z2 
From [16] ,  i t  can be shown t h a t  
where 
cosy 1 ~ ~ s ~ 3 - s i n ~  lcosy 2siriy s i n y  lcosy 3+cosy 1 2 3  cosy s iny  s im 2siny 
i = -COSY l s i n ~  3 - s i ~  l c o s ~  2 c o s ~  C O ~  I n s y  2 ~ o s y  j - s i n ~  I s im s im  *cosy 
s iny l s i n y  i -cosy s iny 2 cosy 2 
Thus, a po in t  wl th  coo rd ina t e s  ( x , y , z )  i n  t h e  main c o o r d i n a t e  system on 
F F F Z has coo rd ina t e s  (x  , y  , z  ) i n  t h e  feed  coo rd ina t e  system given by 
The corresponding  s p ! ~ e r i c a l  coo rd ina t e s  a r e  
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From the  feed  func t ion  g iven  by (3.61, t h e  i n c i d e n t  E- j ie ld  may be 
obtained.  To f i n d  t h e  i nc iden t  R-f ield,  t h e  fo l lowing  equa t ion  is used: 
T 
i n c  r 5 I 
f f f  0 
where Zo i s  g iven  by (3.8). Next, t h e  i n c i d e n t  f i e l d  is converted from 
s p h e r i c a l  compoaents t o  r e c t a n g u l a r  components u s ing  
F i n a l l y ,  t h e  i n c i d e n t  H-field i n  the ( x ~ , ~ ~  * z f )  system is converted t o  t h e  
(x,y,z)  system us ing  t h e  fo l lowing  equa t ion  
where X is  given by (3.17). 
4. GEOMETRICAL OPTICS FIELD 
+g The geometrical optics field H in (2.8) consists of two components: 
the incident field iti and the reflected field which is calculated in 
this section. It should be noted that the incident field at an observation 
point on the aperture grid is taken to be zero because the incident field 
does not contribute to the secondary pattern. 
4.1. Reflection Point 
For a given source point P1 and an observation point P2 (Figure 2 ) .  a 
reflection point oL may exist on the reflector 1, and we denote its coor- 




are the connecting vectors between P and 0 , and 0 and P2, respectively. 1 
The condition on the reflection point is that the distance (d l  + d2) must 
be stationary, i.e.. 
which is explicitly given by 
A r o o t  ( x , y , z = f )  o f  t h e  two n o n l i n e a r  e q u a t i o n s  i n  (4.3a) g i v e s  t h e  loca-  
t i o n  of  a  r e f l e c t i o n  p o i n t .  For  a g i v e n  PI and P2, t h e r e  may be none, one,  
o r  more t h a n  one r e f l e c t i o n  p o i n t .  It may be s h m  t h a t  (4.3a) is equiva-  
lent t o  t h e  s a t i s f a c t i o n  of S n e l l ' s  lmr. 
The s y s t e m  of e q u a t i o n s  (4.3a) c a n  be a l s o  s a t i s f i e d  i f  P or, and P2 1' 
a r e  c o l l i n e a r .  Such a s p u r i o u s  r o o t  may be e l i m i n a t e d  by a n  a d d i t i o n a l  
c o n d i t i o n  
where d i s  a  s m a l l  p o s i t i v e  nunber.  W e  set 6 = 0.0001. 
A r o o t  o f  (4.3) may o r  may n o t  f a l l  i n s i d e  t h e  boundary l' o f  t h e  
r e f l e c t o r  ( F i g u r e  4 ) .  n u s ,  f o r  e a c h  r o o t  ( x , y , z = f )  o r  its c o r r e s p o n d i n g  
c o o r d i n a t e s  (x',y0,z') i n  t h e  p r i w d  sys tem,  t h e  f o l l o w i n g  test must be 
performed. I f  
t h e n  t h e  r o o t  is i n s i d e  T and i t  is indeed  a  r e f l e c t i o n  p o i n t  on t h e  
r e f l e c t o r .  I f  (4.4) is n o t  s a t i s f i e d ,  t h e n  t h e  r o o t  s h o u l d  be d i s c a r d e d .  
The paramete r  e l  i n  (4.4) is g i v e n  by 
- 
i f  I' l i e s  on an e l l i p t i c a l  c y l i n d e r  ( F i g u r e  5 a ) ;  and 
i f  I' lies on an  e l l i p t i c a l  cone ( F i g u r e  5b). 
4.2. F o r n u l a  f o r  R e f l e c t e d  F i e l d  
The r e f l e c t e d  magne t ic  f i e l d  a t  P2 is  g i v e n  by 
+i 
which is g i v e n  i n  terms of  t h e  i n c i d e n t  f i e l d  H a t  t h e  r e f l e c t i o n  p o - n t  
r 
or. t h e  s u r f a c e  normal ; of  t h e  r e f l e c t o r  a t  0 , and a d i v e r g e n c e  f a c p o r  
A A 
DF. We choose N p o i n t i n g  toward t h e  s o u r c e ;  t h u s ,  (N*z) is a lways  p;rr*cer 
I 
t h a n  z e r o  ( F i g u r e  8). E x p l i c i t l y ,  N is g i v e n  by 
2 
where b = +(f + f 2  + 1) -1/2 and t h e  s u b s c r i p t  x o f  f f o r  example,  means 
X Y  x ' 
p a r t i a l  d e r i v a t i v e  w i t h  r e s p e c t  t o  x. The d i v e r g e n c e  f a c t o r  i n  (4.6) is 
where t h e  s q u a r e  r o o t s  t a k e  p o s i t i v e  real, n e g a t i v e  imaginary ,  o r  z e r o  
v a l u e  ( s o  t h a t  DF is p o s i t i v e  r e a l ,  p o s i t i v e  i m a g i n a r y  G r  i n f i n i t e ) .  
(K' ,R=) a r e  t h e  p r i n c i p a l  r a d i i  of  c u r v a t u r e  of  t h e  r e f l e c t e d  wavef r o n t  1 2  
r p a s s i n g  th rough  0 . T h e i r  computa t ion  i s  g i v e n  nex t .  
4.3. C u r v a t c r e s  o f  R e f l e c t e d  K:;vefront 
We u s e  t h e  fo rmulas  g i v e n  i n  S e c t i o n  I V  of [I81 f o r  c a l c u l a t i n g  
( R , .  The t h r e e  o r thonormal  base v e c t o r s  o f  t h e  i n c i d e n t  p e n c i l  a r e  
chosen t o  be ( F i g u r e  8) 
A -1 - 
Y x3 X ( Z  - 2 , )  - z ( x  - xI) 
;I t = 
2 m  I I [ ( z  - z i ) Z  + (x  - xl) I 
- , , *->,-- ' ,.> 
O R \ ~ F ! ~ , ~ ,  ;"l-> ;,I - 
OF POOR Q U ~ L ~ ~ Y  
Figure 8. Reflection from reflector 1. 
1 
Figure 9. Diff taction from boundary I' of the ref lector .  
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where (x ,y ,z )  a r e  t he  coord ina t e s  of t h e  r e f l e c t i o n  poin t  or. Those of t h e  
r e f l e c t e d  p e n c i l  a r e  chosen t o  be 
- r  - r  * Note t h a t  (4.10) chosen above is a left-handed system, i .e . ,  x x x r 1 2 = - X 3 '  
Th i s  choice ,  of course ,  does not a f f e c t  the  f i n a l  s o l u t i o n s  of (Rr Rr). 1'  2 
The th ree  orthonormal base v e c t o r s  of r e f l e c t o r  C a t  or a r e  chosen t o  be 
From (4.9) and (4.11) t h e  elements  
(4.1 la) 
can be c a l c u l a t e d  wi th  t h e  r e s u l t s  
2 3 (z-zl> +(x-xl)--f (y-yl)(z-zl)  
= 
2 2 2 2 2 2 2 112 p22 l + f ~ ~ ~ x - x ~  y 1  2 - z  x - x  I +(y-yl) (z-zl)  1 
The f i r s t  f o u r  e lements  i n  (4.13a) through (4.136) form t h e  2 x 2 m a t r i x  
=r =i :i. Because of t h e  p a r t i c u l a r  cho ice  i n  (4.10). we have P * P . The 
c u r v a t u r e  ma t r ix  of  t h e  i n c i d e n t  p e n c i l  is  
The curvature matrix of re f l ec tor  C a t  Or is 
2 A (eG - fF) A (fE - eF) 
6 C  .. i i I 
where 
A i s  defined jus t  below (4.7) 
The desired curvature matrix tr may be calculated from the following matrix 
equation 
Let us denote the four elements of qr by 
Then the desired radi i  of curvature of the re f l ec ted  wavefront a t  0' are 
given by 
Both R~ and R~ are real. Their signs have the following meaning: If R; 1 2 
is positive (negative), the corresponding normal section of the reflected 
wavef ront is divergent (convergent). The same convention applies to Rr 2 ' 
Two final remarks about the calculation of the reflected field: 
(i) For a given PI and P2, there may be more than one reflection point on 
C. Then the total reflected field is the superposition of the contribu- 
tions from each reflection point. If there is no reflection point on Z, 
the reflected field is zero; (ii) If the reflection point is close to the 
boundary r, we still calculate its reflected field in the usual manner. We 
shall adjust the diffracted field 8 later by using UAT so that the total 
t field $ in this case is correct. 
5 .  EDGE-DIFFRACTED FIELD 
5.1. Diffraction Points 
To calculate the edge-diffracted field, the diffraction points on the 
boundary r of the reflector must be located first. Consider a source point 
PI at (x;,y;,z{) and an observation point Pg at (x;,yi,zi), with their 
coordinates given in the primed system (Figure 9). A diffraction point 
d 0 with coordinates (xC,y',z') can be determined from the law of diffrac- 
t ion 
Here ; is the unit tangent of r at od, and 
From Fermat's principle, (5.1) is equivalent to 
From (5.2), (5.3) may be written as a nonlinear equation for unknown 4': 
where (gl ,g2,g3) are defined in (2.3) if P lies on a cylinder, and in (2.6) 
if r lies on a cone. A root of 4' of (5.4) determines a diffraction point 
on I'. Depending on the  geometry, t h e r e  e x i s t  examples whe:e a s  many a s  
f o u r  d i f f r a c t i o n  po in t s  have been found. 
5.2. Formula f o r  D i f f r a c t e d  F i e l d  
d Corresponding t o  each d i f f r a c t i o n  po in t  0 , t h e r e  is a c o n t r i b u t i o n  
t o  t he  d i f f r a c t e d  f i e l d  kd i n  (2.8). Following Equation (5.21) of [18] ,  t h e  
formula f o r  such a c o n t r i b u t i o n  r eads  
Here g is a c y l i n d r i c a l  wave f a c t o r  
The o t h e r  f a c t o r s  used i n  (5.5) a r e  expla ined  below. 
5.3. Divergence Fac tor  
The square  roo t  i n  (5.5) a s  u sua l  t akes  p o s i t i v e  r e a l ,  nega t ive  imagi- 
na ry ,  o r  zero  value. R i s  a  r a d i u s  of cu rva tu re  of t he  d i f f r a c t e d  1 
d 
wavefront  pas s ing  through 0 . It may be c a l c u l a t e d  from Equation (5.11) of 
(181 which reads  
r 9 
I 1  K 
-n-+- 
R~ '3 s i n  
1 + Here $ is  t h e  ang le  between tangent  t and d4 (F igu re  9). The f a c t o r  s i n  B 
is given by 
s i n  B = I /~-~ZI  
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where 
A l l  the derivatives i n  (5.8) and i n  the remainder of th is  section are eval- 
uated a t  the diffract ion point od, whose coordinates are (d  ,yO ,z'). The 
n d 
curvature K and normal n of the curve l' a t  0 can be calculated from 
Equation (13.9) of [ 2 3 ] .  The resul ts  are 
where the prime on g' signifies t5e qa r t i a l  derivative with respect to 4' 
n 
and 
Summarizing the resul ts  i n  ( 5 . 7 )  through (5.10), we obtain the f ina l  
expression for the divergence factor of the diffracted f ie ld  
DFD = 1 1 =-  
41 * ( d 4 / R * )  41 + c 
O ~ ~ r ; l ~ ~ ~ i  r,,ViE W 
OF POOR Q U A L ~  
where 
5 . 4 .  D i f f r a c t i o n  C o e f 2 i c i e n t s  
h The s o f t  and h a r d  Keller's d i f f r a c t f . o n  c o e f f i c i e n t s  Ds and D are 
d e f i n e d  i n  E q u a t i o n  (5.22) o f  [18] ,  namely,  
The a n g l e s  4' and 4 a r e  shown i n  F i g u r e  10. Because of t h e  f a c t  t h a t  
A A A A 
N*z > 0, i t  c a n  be shown t h a t  v e c t o r  t x N is t a n g e n t  t o  Z a t  or, and 
p o i n t s  away from ( n o t  toward)  Z. We c a l c u l a t e  4' and 4 from t h e  r e l a t i o n s  
A 1 
( P r o j  2j)* ( t  x N) 
c o s  oi  * (-1) 
l p r o j  3,l 
c o s  4 = 
l p r o j  464 1 
+ -? A 
Here P r o j  d3 i s  t h e  p r o j e c t i o n  of d3 o n  t h e  p l a n e  p e r p e n d i c u l a r  t o  t ,  
namely, 
ORIGINAL PF,C;" ':? 
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Figure 10. P r o j e c t i o n  o f  Figure 9 on a plane perpendicular to cangent t .  
+ + + - -  
Proj d3 = d3 - ( d 3 @ t ) t  
where 
',Q agl 
S31 = (x' - x i )  - +- w 
Similarly Proj d4 i n  given by 
+ A A Proj d4 = + y'Sq? + 
where 
The norval ; o f  the r e f l e c t o r  a t  is  given i n  ( 4 . 7 ) .  For the p-esent 
app l i ca t ion ,  i t  is  convenient t o  change its base vectors  t o  those i n  the 
primed coordinate  system. The resu l t  is 
where 
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Ni - - A f x ,  N2 = -bfy , N) = A 
i i  boundary I' lies on an e l l i p t i c a l  cy l inder ;  and 
N2 = -A(-f  cos  O3 + s i ? ~  Bj) 
Y (5.19b) 
N3 = - ~ ( f  s i n  O3 - cos fI3) ( 5 . 1 9 ~ )  
Y 
i f  I' l i e s  on an e l l i p t i c a l  cone. S u b s t i t u t i o n  of (5.15)  through (5.19)  
i i n t o  (5.13) and (5.14) g ives  t h e  f i n a l  formulas f o r  c a l c u l a t i n g  + and Q: 
where 
i The s o l u t i o n s  of + and 4 a r e  s u b j e c t  t o  t h e  following t e s t s :  
i ( i )  4 t akes  the  value i n  t h e  range ( 9 , n )  i f  f 3 )  0,  and the  
range (n ,2r )  i f  T3 < 0, where 
T3 - (-ProJ d3) ON' = -S31BI - Sj2N2 - Sj3N3 
( i i )  4 t a k e s  t h e  v a l u e  i n  t h e  range  ( 0 , ~  ) i f  T4 > 0, and t h e  range  
- 
( n , 2 r )  i f  T4 < 0, where 
+ a 
T = (Proj  d4)*N = S41NI + S42N2 + S4$J3 
4 
( i i i )  If t h e  o b s e r v a t i o n  p o i n t  P2 i s  e x a c t l y  on t h e  i n c i d e n t  shadow 
boundary,  t h e n  
( i v )  If t h e  o b s e r v a t i o n  p o i n t  P2 i s  e x a c t l y  on t h e  r e f l e c t e d  shadow 
boundary,  t h e n  
When t h e  o b s e r v a t i o n  p o i n t  is e x a c t l y  on t h e  i n c i d e n t  shadow boundary,  t h e  
i f i r s t  f a c t o r  x i n  (5.12) becomes i n f i n i t e ,  and c a c s e s  c o m p u t a t i o n a l  d i f -  
f i c u l t y .  A s i m p l e  remedy is t o  s h i f t  P2 s l i g h t l y  whenever (5.24) is 
s a t i s f i e d .  It s h o u l d  be remarked t h a t  when P2 is n e a r  b u t  n o t  e x a c t l y  on 
t h e  i n c i d e n t  shadow boundary, is l a r g e  but  f i n i t e .  It does  nor  c a u s e  
a n y  c o m p u t a t i o n a l  d i f f i c u l t y  a t  t h e  moment. L a t e r  on, t h e  d i f f r a c t e d  f i e l d  
D nd i a  t h i s  c a s e  w i l l  be modi f ied  t o  become k by u s i n g  t h e  un i fo rm asymp- . 
+t t o t i c  t h e o r y  s o  t h a t  t h e  t o t a l  f i e l d  H i s  c o r r e c t .  S i m i l a r l y ,  X r  i n  
(5.1L) becomes i n f i n i t e  i f  t h e  o h s e r v a t i o n  p o i n t  P2 f a l l s  e x a c t l y  on t h e  
r e i ' l e c t e d  shadow boundary. Hence, we s h i f t  P2 s l i g h t l y  when (5.25) is  
s a t i s f i e d .  
5.5. S p h e r i c a l  Components of I n c i d e n t  F i e l d  - -
+ i F i e l d s  ki and Ha i n  (5 .5)  a r e  t h e  two s p h e r i c a l  components i n  t h e  6 
- i d d i r e c t i o n s  of  a and oi of t h e  i n c i d e n t  magne t ic  f i e l d  ki e v a l u a t e d  a t  0 . 
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Figure 11. Spherical base vectors (I?(, G ~ )  and (i, 4).
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5.6. Rectangular Components of Diffracted Field 
+d 
The diffracted field H calculated from (5.5) must be eventually 
- A CL 
expressed in terms of rectangular components in the directions of (x,y,z), 
so that it can be conveniently superimposed with the geometrical optics 
4 4 
field gg in Section 4. In (5.5), the two spherical base vectors (0 ,a) 
(Figure 11) may be calculated from 
= (i x J4)/(d4 sin 0) 
The diffracted field expressed in terms of the primed base vectors are 
where 
1 [" 
pd4 sin 0 a$* 
- 
1 
a2 pd4 sin 0 ,+. ( x C  - x>) 1 
1 [" 
pd4 sin B a+* 
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The f a c t o r  g is def ined  i n  (5.6); DFD i n  (5.11), and s i n  @ i n  (5.8). The 
f i n a l  exp re s s ions  f o r  t h e  d i f f r a c t e d  f i e l d  i n  t h e  umprimed coo rd inz t e  
system a r e  as fol lows:  
where 
i f  I' l i e s  on an e l l i p t i c a l  c y l i n d e r ;  and 
i f  I' l i e s  on an e l l i p t i c a l  cone. The cor responding  d i f f r a c t e d  a l e c t r i c  
*d f i e l d  E a t  P2 i s  c a l c u l a t e d  from 
+d -1 +d -B 
E (P2) = 1 2 h  d4 [H ( P p )  x d41 (5.32) 
5.7. Detour Parameter  
d The d i f f r a c t e d  f i e l d  H c a l c u l a t e d  from (5.5) is not  v a l i d  when obser-  
v a t i o n  point  P i s  nea r  t he  r e f l e c t e d  shadow boundary which is de f ined  by 2 
(5.25). To d e t e c t  i f  P2 i s  indeed so ,  we may c a l c u l a t e  t he  so-ca l led  
"de tour  parameter"  of t he  r e f l e c t e d  f i e l d  (Sec t ion  VI of [18] ) .  
Here E is t h e  shadow i n d i c a t o r  of t h e  r e f l e c t e d  f i e l d  de f ined  by 
+ I ,  if P2 is in the shadow side of the reflected field 
=! -1, if P2 is in the lit side of the reflected field 
It may be shown that 
The square root in (5.33) takes positive real, negative imaginary, or 
zero value. When the caustic of the reflected field falls on the reflected 
shadow boundary, E is imaginary; otherwise, 6 is always real. Detour 
parameter 5 in (5.33) becomes zero when P2 is exactly on the reflected 
shadow boundary, because the diffraction point od and reflection point 
or coincide (Figure 2). Following the numerical study in [241, we take 
as on the on-set point. Thus, if 161 > 2, P2 is considered to be away from 
the reflected shadow boundary, and the diffracted field dd in (5.5) is 
valid. If I s ]  < 2, P2 is considered to be near the reflected shadow boun- 
dary, and we must replace @ by a0 as stated in (2.9). 
When 5 is small, (d3 + d4) in (5.33) is nearly equal to (dl + d2). In 
many practical problems, the reflection point or and diffraction point 
d 0 may not be determined with great precision. Thus, when 5 is small, a 
direct computation of 5 from (5.33) can have a numerical accuracy problem. 
To circumvent this possible problem, we have given below an alternative formula 
for 6 when its value is small: 
where (DF) of t h e  r e f l e c t e d  f i e l d  is d e f i n e d  i n  (4.8), and (DDF) o f  t h e  
d i f f r a c t e d  f i e l d  i n  ( 5 . 1 1 ) .  The d e r i v a t i o n  of ( 5 . 3 6 )  i s  g i v e n  i n  
Appendix A of [141.  In a l l  of t h e  f o l l o w i n g  c o m p u t a t i o n s ,  we u s e  ( 5 . 3 3 )  i f  
I E (  > 2, and ( 5 . 3 6 )  i f  161 < 2. 
5 . 8 .  Uniform Asymptot ic  Theory 
We s h a l l  c a l c u l a t e  kD by t h e  UAT deve loped  i n  [ 1 4 ] ,  [ 1 9 ] ,  [ 2 1 ] .  The f o r -  
mula r e a d s  
where F is a F r e s n e l  i n t e g r a l  d e f i n e d  by 
and 
The f a c t o r  (1 - €112 i n  ( 5 . 3 7 )  is  one i f  P2 i s  i n  t h e  lit r e g i o n  of t h e  
D 
r e f l e c t e d  f i e l d ,  and z e r o ,  i f  P2 i s  i n  t h e  shadow. As e x p e c t e d ,  k r e d u c e s  
t o  kd when P2 i s  away from t h e  r e f l e c t e d  shadow boundary. T h i s  is because  
o f  t h e  f a c t  t h a t  f o r  JE 1 + a, 
When P2 is near or on the reflected shadow boundary. in (5.37) is always 
finite, and compensates exactly for the discontinuity in so that the 
total field fit in (2;9) is everywhere continuous. 
6 .  SECOhDARY PATTERN COMPUTATION 
6 .1 .  Aper ture  F i e l d  Theory 
Refer  t o  F igure  3. From f i e l d  equiva lence  p r i n c i p l e s ,  s o l u t i o n s  f o r  
t h e  f a r  f i e l d  may be obta ined  knowing t h e  t a n g e n t i a l  f i e l d s  a t  Ca. The 
a p e r t u r e  plane C is taken  t o  be pe rpend icu l a r  t o  t h e  z-axis. 
a 
Le t  us denote t h e  t a n g e n t i a l  e l e c t r i c  and magnetic f i e l d s  a t  C a  by 
+ a and Ha, r e s p e c t i v e l y .  The f i e l d  may be determined by us ing  v e c t o r  
a 
p o t e n t i a l s  [25 ] .  However, i t  is more convenient  t o  exp re s s  t he  f a r  f i e l d  
d i r e c t l y  i n  terms of t he  a p e r t u r e  f i e l d s .  Let us  d e f i n e  t h e  fo l lowing  vec- 
t o r  q u a n t i t i e s :  
+ 
g(u,v)  = // fia(x,y) e jk(ux+vy) dxdy 
where 
u = s i n  0 cos  4 
v = s i n  0 s i n  4 
k = 2m /A 
0,4 = s p h e r i c a l  c o o r d i n a t e s  of f a r  f i e l d  po in t  
L 
Since  the  a p e r t u r e  F i e ld s  a r e  tangent  t o  z, l e t  
From each of the 3 equivalence principle formulations, three d i f ferent  
expressions a r i s e  for % and E of the far f i e l d ,  namely, 4 
( 1 )  using % and k 
a a 
( 2 )  using k 
a 
+ ( 3 )  using E 
a 
.- .,- 
This method s u i t s  large apertures ( i n  terms of X ) because the Fourier 
+ + transforms of the aperture f i e l d ,  f and g, are highly peaked in the fre- 
- .* 





This method is exact if the fields at Ea were known everywhere. 
However, one must truncate Za to finite dimensions in order to employ the 
FFT . 
6.2 Fast Fourier Transform 
To employ the FFT subroutine, the integrals (6.1) and (6.2) must be 
rearranged so that the form of the integral matches the definition given by 
the documentation of the FFT subroutine. For this particular 2-dimensional 
FFT subroutine, the function being considered is assumed to be keriodic in 
x and y with period 1 in x and y. Hence, the aperture grid as shown i? 
Zigure 12 must be scaled accordingly. 
Many manipulations are required in order to use the FFT. These mani- 
pulations are carried out for fx. Similarly, this can be applied to obtain 
f gx, and g From (6.1) and ( 6 . 5 )  
Y' Y 
L L 
fx(u,v) - 1 Eax(x,y) e j k( uxtvy) dxdy 
Yt x1 
where Eax is the reomponent of $(x,y) in (6.1). U8ing the substitutions 
(6.1 1) becomes 
where 
( a )  aperture grid (b) FFT grid 
Figure 12. Aperture grid 1, and FFT grid. 
Figure 13 .  An offset  parabolic reflector. 
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The expression E~~(x~+(x~-x~ )x, Yl+(y2-Yl )3 under the integral may be 
interpreted as Eax(x,y) scaled to F(a,b) where %ail and 0 x 1  (see Figure 
12). F(a,b) may be approximated by 
where C are tbe Fourier coefficients obtained using the FFT subroutine. 
mn 
For a 32x32 FFT, 
From (6.13) and (6.15),  
Interchanging the summation and integral signs and noting that 
the expression for f is 
X 
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where 
In summary, t o  evaluate  the  i n t e g r a l  (6.10), we f i r s t  c a I c u l a t e  {c,} of 
(6.15) by FFT and then c a l c u l a t e  f (u,v) v i a  (6.18). 
X 
6.3 Gain Normalization 
The secondary p a t t e r n  is usua l ly  decomposed i n t o  two orthogonal 
po la r i za t ions .  Following Ludwig's d e f i n i t i o n  3 [26], t h e  following u n i t a r y  
p o l a r i z a t i o n  vectors  a r e  introduced. 
L e t  t he  secondary p a t t e r n  be expressed a s  
The ref  erence-polar iza t ion and cross-polar iza  t i o n  express ions  of i? a r e  
cross-pol of 2 = (& (;*I*) (6.23b) 
The second conjugate opera t ion i n  (6.23) r e s u l t s  from the  change i n  d i rec-  
t i o n  of t h e  f i e l d  a f t e r  being r e f l e c t e d  by t h e  r e f l e c t o r .  
The d i r e c t i v i t y  f o r  the  reference  p o l a r i z a t i o n  is defined by 
4r i t  R121z0 
DK (8 A = -- 
i n c  
S i m i l a r l y ,  t h e  d i r e c t i v i t y  f o r  t h e  c r o s s  p o l a r i z a t i o n  is d e f i n e d  by 
where P is  t h e  i n c i d e n t  power r a d i a t e d  from t h e  feed.  Not ing t h a t  i n c  
-jar 
e / r  f a c t o r  is common i n  bo th  t h e  s e c o n d a r y  p a t t e r n  (6.22) and t h e  i n c i -  
d e n t  r a d i a t e d  f i e l d  (3.6) t h e  d i r e c t i v i t y  i o r m u l a s  are 
Thus, f o r  any f e e d  p o l a r i z a t i o n  (a ,h ,JI ) ,  (6.26) and (6.27) g i v e  t h e  
r e f e r e n c e  and c r o s s - p o l a r i z a t i o n  d i r e c t i v i t i e s .  
7. NUHERICAL EXAMPLES 
The present aperture integration method for calculating the secondary 
pattern of a reflector entails the following steps: 
(i) Input the reflector geometry, eq. (2.1), and the boundary 
description. 
(ii) Input the feed pattern as described in eq. (3.4). 
(iii) Calculate GO contribution to the aperture field. 
(iv) Calculate edge-diffraction contribution to the aperture field. 
Use either UAT [141 or UTD [IS] for aperture grid points near the 
shadow boundary. 
(v) Use the FFT, eq. (6.15), to obtain the far field. 
(vi) Decompose the far field pattern into reference-pol and cross-pol 
components using eq. (6.23). 
(vii) Use eqs. (6.26) and (6.27) to obtain the reference and cross- 
polarization directivities. 
In this section, we shall present some numerical results to estab:-sh 
the numerical accuracy of the present method. Near field, far field and 
scan data for a large reflector are presented. 
7.1. Effects of Aperture Grid Size and Location on Secondary Pattern 
The aperture field theory used to determine the secondary pattern is exact 
if the tangential fields are known everywhere on the aperture plane Z . 
a 
When employing the FFT, .Xa is ttrucated. To minimize the amount of com- 
puter time *pent, the size of La should be as small as possible while cap- 
turing almost all of the field. To this end, a study of varying the apsr- 
ture grid size and location of Ca was performed to determine their effects on 
the secondary pattern. 
51 
The reflector used for this study is an offset parabolic reflector 
(see Figure 13) with typical f/D and f/D values: 
P 
The corresponding values of ill, S$, and H are 
The reflector is being illuminated by a if-polarized feed at focus with 
10 dB feed taper. Assuming (cos type patterns, eq. (3.51, the E- and 
8-plane feed patterns are given by 
Refer to Figure 14. Let the aperture plane Ea be located a distance L 
away from the focal plane. The focal plane is located at z = f. Plots of 
the tangential components of the aperture field along two cuts of Za are 
obtained as the distance L is varied. These two cuts are 
x-cut: y = H + 0.5D, z = f + L 
y-cut: x - 0  , z = f + L  
The diameter of this test reflector is 50A. Due to the choice of feed 
polarization, only the y-component of the electric field, E is plotted. 
Y' 
Figures 15(a)-(c) are plots of I E  1 for a x-cut for L = 0, 10 A, and 20A, 
Y 
_ 1 .-., (JRIG(N;~L ~Z..!--?L ,-: 





( y = H + 0 / 2 )  
(b) x-cut 
Figure 14. Two cuts of aperture plane Za a t  distance L away from focal  plane- 
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%/A 
Figure 15.. 1 E, 1 for a x-cut, L - 0 
x /A 
Figure 1Sb. 1 % I for a x-rllt, L = 10A 
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Figure 15c. I % 1 for a r c u t  , L = 20 A 
respec t ive ly .  Figures 16(a)-(c) a r e  p l o t s  of IE ( f o r  a y-cut f o r  L = 0. 
Y 
10X, and 20X, respect ively .  
i From Figures 15(a)-(c) and 16(a)-(c) ,  no te  t h a t  t h e  a p e r t u r e  f i e l d  
does not spread as L increases .  This is  s o  because t h e  feed is a t  t h e  
, focus. To demonstrate t h a t  t h e  a p e r t u r e  f i e l d  does spread a s  L inc reases ,  
.! 
let's move t h e  feed toward t h e  r e f l e c t o r  along if by a n  amount dt ( s e e  
L 
i 
Figure 17). Figures 18(a)-(c) a r e  p l o t s  of  ( E  ( f o r  a r c u t  f o r  df = 24 
Y 
a t  L = 0, 10X, and 20X, respect ively .  Figures 19(a)-(c) a r e  f o r  t h e  y-cut. 
i Figures 18(a)-(c) and 19(a)-(c) show a s l i g h t  inc rease  of (E I f o r  g r i d  Y 
p o i n t s  near  the  edge of t h e  a p e r t u r e  grid.  Also no te  t h a t  t h e  width of t h e  
region where t h e  GO f i e l d  is  nonzero increased when L i s  increased. Thus, 
t o  minimize t h e  f i e l d  s t r e n g t h  f o r  a f i x e d  s i z e  of C a p  L = 0 was chosen. 
Le t  the  aper tu re  g r i d  be W by W. Choosing t h e  c r i t e r i o n  t h a t  t h e  f i e l d  a t  
t h e  edge of Ca is  a t  l e a s t  20 dB below t h e  maximum f i e l d  value  on C a ,  W = 
1.14D centered a t  t h e  midpoint of t h e  projected a p e r t u r e  was chosen. 
7.2 DBS Antenna 
A d i r e c t  broadcast  s a t e l l i t e  (DBS) antenna was designed by Lee e t  a l .  
[2i  Pa t t e rn  computation programs us ing t h e  Jacobi-Bessel series tech- 
nique [4]  were developed by Y. Rabat-Samii. A pa rabo l i c  r e f l e c t o r  was 
used and it i s  described by 
D = d i s h  diameter = 108.148A 
f = f o c a l  length  = 94.867A 
H = o f f s e t  height  = 16.865X 
The feed i s  located a t  t h e  focus and the  primary p a t t e n ,  eq. (34), i s  
described by 
I I I I I I 
- Total field 
- 
Y / A  
Figure 16.. 1 Ey 1 for a y-cut, L = 0 
Y/X 
Figure 16b. I El ( for a y-cut, L = 101 
I I I I I I 
- Total field 
- 
- 
I I I t I I I I 
Y / A  
Figure 1 6 ~ .  1 %  I for a y c u t .  L = 20A 
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Pipre 17. Feed locat?d df away from focus along if. 
I I I I I I 
- Total field 




Figure 18. I E , , ~  for a x-cut, df = 21. L = 0.  
x / A  
Figure 18b. I E  I for a rcut, df = 21, L - 101. 
Y 
el-. 
I I I I a I 
- Total field 





x / A  
Figure 18c. )E 1 for a x-cut, df = 2X, L - 20A. 
Y 
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y/X 
Figure 19a. I E  1 for a y-cut, df = 21, L = 0. 
Y 
ORIGINAL PAGE a 
OF POOR QUALITY 
0.020 - I I I I I I 





5. 10. 20. 30. 40. 50. 60. 70. 
Y / A  
Figure 19h. I E  ( for a y c u t ,  df = 21, L = I O X .  
Y 

a = 1 / a  , b = 1 / n ,  $ = 90' (RHCP) 
uE( e) - (COS e) '* 
uH( e) - ( cos e) 2* ( 7 . 5 ~ )  
Using t h i s  a p e r t u r e  i n t e g r a t i o n  technique ,  t h e  secondary p a t t e r n  f o r  $ = 0" 
was computed us ing  GO and GTD cons t ruc t ions .  A s  shown i n  F igu re  20, two 
p a t t e r n s  are superimposed w i t h  Rahmat-Samii's r e s u l t s .  One p a t t e r n  used GO 
f i e l d s  only  and i n  computing t h e  o t h e r  p a t t e r n ,  t h e  edge -d i f f r ac t ed  f i e l d  
was inc luded i n  t h e  a p e r t u r e  f i e l d  c a l c u l a t i o n .  The g a i n  and s i d e l o b e  
l e v e l s  of t h e s e  two p a t t e r n s  are t a b u l a t e d  ve r sus  Rahmat-Samii's r e s u l t s  i n  
Table  3 below. 
TABLE 3 
COMPARISON WITH RAHMAT-SAMII'S RESULTS 
Due t o  t h e  l i m i t e d  amount of computer working space ,  a 43  x 48 FFT was 
used. Despi te  t h e  coa r se  sampling,  t h e  r e s u l t s  i n  Table  3 a r e  i n  good 
agreement. 
The scan  performance of t h i s  r e f l e c t o r  has  been s t u d i e d  by Hung [28].  
The Fourier-Bessel  series technique  i s  used t o  compute t h e  secondary pat-  
t e rn .  Using t h e  same f e e d ,  eq. (7.5),  t h e  f eed  was d i s p l a c e d  5.8 i n  t h e  
b 




























1 s t  s i d e l o b e  
2nd s i d e l o b e  
3rd  s i d e l o b e  
4 t h  s i d e l o b e  
5 t h  s i d e l o b e  
6 t h  s i d e l o b e  
0 (degrees) 
Figure 20. Secondary pattern of a DBS antenna using Jacobi-Bessel s e r i e s ,  
GO, and GTD. 
-;, d i r e c t i o n  t o  produce a p a t t e r n  w i th  peak d i r e c t i v i t y  a t  8 = 3' ( s e e  
F igu re  21). The H-plane scan  p a t t e r n  was a l s o  computed u s i n g  t h e  a p e r t u r e  
i n t e g r a t i o n  technique  wi th  and wi thout  t h e  edge -d i f f r ac t ed  f i e l d .  F igure  
22 d e p i c t s  t h e  H-plane scan  p a t t e r n  u s i n g  t h e  a p e r t u r e  i n t e g r a t i o n  and 
Fourier-Bessel  series techniques.  The p a t  t e r n s  a r e  i n  good agreement. 
7.3. TRW Antenna 
A d u a l  r e f l e c t o r  an tenna  system was designed by TRW f o r  NASA-Lewis 
Research Center .  The d u a l  r e f l e c t o r  i s  a n  o f f s e t  Casseg ra in  r e f l e c t o r .  
The main r e f l e c t o r  i s  p a r a b o l i c  and i t  is  d e s c r i b e d  by 
D = d i s h  d i ame te r  = 257.891 
f = f o c a l  l e n g t h  = 318.74X 
H = o f f s e t  l e n g t h  = 135.511 
The ref  l e c t o r  i s  be ing  i l l u m i n a t e d  by a j f - p o l a r i z e d  f eed  a t  focus  w i th  
18 dB edge t ape r .  
Two c u t s  of Ca a t  t h e  f o c a l  p l ane  were taken ,  
x-cut: y 3 H +  0.5D, z = f 
y-cut: x = 0 , z a f .  
The magr~itude and phase of t h e  y-component of  t h e  e l e c t r i c  f i e l d ,  E a r e  
Y'  
p l o t t e d  i n  F igures  2 i (a ) - (b)  f o r  t h e  x-cut and i n  F igu re s  24(a)-(b)  f o r  the 
y-cut. 
The secondary p a t t e r n  f o r  4 = 0' of  t h i s  main r e f l e c t o r  i s  shown i n  
F igu re  25. The key f e a t u r e s  of t h e  re ference-pol  d i r e c t i v i t y  p l o t  a r e  
Yf 
(a) E-plane scan 
- X t  
(b) H-plane scan 
Figure 21. Feed posi t ion for  scanning. 
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- Total field 
--- GO field 
Figure 23a. Amplitudr of E for  a x-cut of TRW main re f l ec tor .  
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Figure 24a. b p i i t u d e  of E for a y-cut of TRW main reflector. 
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70. 160. 200. 240. 280. 320. 360. 400. 
Figure 24b. Phase of E for a y-cut of TRW main reflector. 
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Figure 25. Reference-pol. directivity plot of TRW main ref lector, 4 = 0'. 
Figure  ? J  is a p l o t  oc  t h e  cross-pol  d i r e c t i v i t y .  
. GO + GTD . GO 
The hyperbclo id  s u b r e f l e c t o r  h a s  a magn i f i ca t ion  f a c t o r  of 2. I n  
approximating t h e  performance of t h i s  d u a l  r e f l e c t o r  system, we employ t h e  
equ iva len t  parabolo id  (291. The e q u i v a l e n t  parabolo id  is desc r ibed  by 
D = 257.89 (7.7a) 
f  2(318.74) = 637.48 (7.7b) 
H = 135.51 ( 7 . 7 ~ )  
The corresponding secondary p a t t e r n  f o r  = O 0  is shown i n  Figure  27. 
The g a i n ,  HPBW, and s i d e l o b e  l e v e l  (SLL) a r e  
i 
Figure  28 is  a p l o t  of t h e  cross-pol  d i r e c t i v i t y .  
Scan performances of t h e  TRW main and 2 l u i v a l e n t  r e f l e c t o r  were 
s tud ied .  The scan  p lane  chosen is t h e  xfyf  p lane  and E- and H-plane scans  
were performed ( s e e  F igu re  21). 



























Figure 26. Cross-pol. directivity plot of TRW main reflector, $ = O O .  
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Figure 27.  Reference-pol. direct ivity plot of TRU equivalent re'lector, p * O O .  
I I I I 
TRW Reflector 
- GO + GTD 





L I A I 1 
8 (degrees) 
Figure 28. Cross-pol. directivity plot of TRW equivalent reflector, 4 = 0'. 
-- - . --. N3 'Q' 
x - 0  
y = -f t a n  (N-HPBW) cos ec 
z = f  - f  t a n  (N-HPBW) s i n  Bc 
where 
f = f c c a l  l eng th  
Bc = 2 t a n  -1 (H + 0.5D) 2f 
N = number of beamwidth's scat; 
HPBW = beamwidth of secondary p a t t e r n  ( 4  = 90°) wi th  feed a t  focus. 
For H-plane scan,  t h e  feed coordinates  a r e  g iven by 
x = -f t a n  (N+!!BW) (7.10a) 
Y ' o  (7.1Cb) 
z P f  ( 7 . 1 0 ~ )  
where 
f  = f o c a l  l eng th  
N = number of beamwidth'sscan 
HPBW = beamwidth of secondary p a t t e r n  ( 4  = 0°) wi th  feed a t  focus. 
A s  the  feed moves away from t h e  focus,  t h e  secondary p a t t e r n  degrades. 
The degradat ion may be charac te r i zed  by peak ga in  l o s s  and half-power beam- 
width. These 2 figures-of-merit a r e  p l o t t e d  versus  number of beamwidths 
scanned f o r  t h e  following f o u r  cases: 
(1 )  TRW main r e f l e c t o r ,  E-plane scan ( s e e  Figures  29-30) 
( 2 )  TRW equivalent  r e f l e c t o r ,  E-plane scan ( s e e  Figures  31-32) 
(3) TRW main r e f l e c t o r ,  H-plane scan ( s e e  Figures 33-34) 
( 4 )  TRW equivalent  r e f l e c t o r ,  H-plane scan ( s e e  Figures 35-36). 
A s  expected, the  scan performance of the  equivalent  r e f l e c t o r  i s  much 
b e t t e r  than f o r  the  main r e f l e c t o r  due t o  i t s  l a r g e r  f / D  value.  For t i  
same number of beam width^ scanned, the  peak ga in  l o s s  and amount of beam 
BEAMWIDTHS SCANNED 
Figure 23. Peak gain loss  versus beamwidths scanned for E-plane scan of TRK 
main reflector. 
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BEAMWIYTI-SS SZANNED 
Figure 30. Half-power beamwidth versus beamwidths scanned for E-plane scan 
of  TRW main ref lector .  
BEAMWIDTHS SCANNED 
Figure 31. Peak gain loss versus beamwidths scanned for E-plane scan of TRW 
equivalent reflector. 
Figure 32. Half-power beamwidth versus beamwidths scanned for E-plane scan 
of TRW equivalent reflector. 
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Figure 33. Peak gain loss  versy.9 beamwjdtks scanned for H-plane scan 9f TRW 
main reflector. 
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BEAMWIDTHS SC&I.,~\IED 
Figure 34. Half-power beamwidth versus beamwidths scanned for H-plane scan 
of TRW main refleceor. 
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Figure 35.  Peak gain loss versus beamwidths sco:lacd for. H-rlane scan of TRW 
equivalent ref l.ector. 
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Figure 36. Half-power beamwidth versus beamwidths scanned for H-plane scan 
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90 
broadening were much l e s s  f o r  t h e  equivalent  r e f l e c t o r  f o r  both E- and H- 
plane scans. Also, t h e  cross-pol d i r e c t i v i t y  was much lower f o r  t h e  equiva- 
l e n t  ref  l ec to r .  Figures 37(a)-( b) and 38(a)-( b) a r e  the  reference-pol and 
cross-pol d i r e c t i v i t y  p l o t s  f o r  6 beamwidth scan i n  t h e  H-plane f o r  t h e  
TRW main and equivalent  r e f l e c t o r s ,  respect ively .  With respec t  t o  t h e  peak 
d i r e c t i v i t y ,  t h e  maximum cross-pol d i r e c t i v i t y  value  is -39.15 dB f o r  t h e  
equivalent  r e f l e c t o r  and only  -27.95 dB f o r  t h e  main r e f l e c t o r .  
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Figure 37a. Reference-pol. directivity plot of TRW main reflector for 6 
beamwldth scan i n  the H-plane. 
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- GO + GTD 
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0.2 0.6 1.0 1.4 1.8 2.2 2.6 
8 (degrees) 
Figure 3 f b .  Cross-pol. directivity plot of TRW main reflector for 6 beaw 
width scan i n  the H-plane. 
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Figure 38a. Reference-pol. d i r e c t i v i t y  plot of T2W equivalent ref lector  for  
6 beamwidth scan i n  the H-plane. 
Equiv. Ref lector 
6 BWs scan 
- GO + GTD 
--- GO 
Figure 38b. Cross-pol. d i r e c t i v i t y  plot  of TRW equivalent t e f l e c t o r  for  6 
beamwidth scan i n  the H-plane. 
8. CONCLUDING REMARKS 
We have developed a method of calculatitg the secondary pattern of an 
arbitrarily shaped reflector illuminated by a feed with arbitrary polariza- 
tion. An edge-diffracted field was added to the geometrical optics field in 
the aperture field calculation. By employing the FFT, the secondary pat- 
tern is computed very efficiently. The results for the secondary pattern 
are in good agreement with those obtained by the physicvl optics integral. 
Pcrthcrmore, this method can be conveniently extended to secondary pattern 
computation of multiple reflector systems, which will be done in the next 
phase of this project. 
REFERENCES 
[ l ]  S. S i l v e r ,  Microwave Antenna Theory a r d  Design,  New York: 
McGraw-Hill, 1949. 
[ 2 ]  W. V. T. Rusch and P. P o t t e r ,  A n a l y s i s  of R e f l e c t o r  Antennas,  
New York: Academic, 1970. 
[3]  C. C. Hung and R. Mittra, "Secondav:y p a t t e r n  and f o c a l  r e g i o n  
d i s t r i b u t i o n  of  r e f l e c t o r  a n t e n n a s  u n d e r  wide-angle s c a n n i n g ,  " 
IEEE T r a n s a c t i o n s  on Antennas and P r o p a g a t i o n ,  v o l e  AP-31, 
- 
pp. 756-763, 1983. 
[4]  Y. Rahmat-Samii and V. G a l i n d o - I s r a e l ,  "Shaped r e f  l e c t o r  a n t e n n a  
a n a l y s i s  u s i n g  t h e  Jacob i -Besse l  series," IEEE T r a n s a c t i o n s  on 
Antennas and P r o p a g a t i o n ,  vo l .  AP-28, pp. 425-435, 1980. 
[5 ]  C. C. Hung, "Four ie r -Besse l  series r e p r e s e n t a t i o n  f o r  t h e  f a r  f i e l d  
p a t t e r n  o f  a r b 1  t r a r y  r e f  l e c t o r  a n t e n n a s , "  Lockheed Missiles and 
Space Compa~y,  Sunnyvale ,  CA, LMSC Rep. 844955, 1982. 
[ 6 ]  V. G a l i n d o - I s r a e l  and R. M i t t r a ,  "A new series r e p r e s e n t a t i o n  f o r  
t h e  r a d i a t i o n  i n t e g r a l  w i t h  a p p l i c a t i o n  t o  r e f l e c t o r  a n t e n n a s , "  
IEEE T r a n s a c t i o n s  on Antennas and P r o p a g a t i o n ,  v o l .  Ae-25, 
pp. 631-641, 1977. 
[ 7 ]  R. M i t t r a ,  Y. Rahmat-Samii, V. G a l i n d o - I s r a e l ,  and R. Nonnan, 
"An e f f i c i e n t  t e c h n i q u e  f o r  t h e  computa t ion  o f  v e c t o r  secondary  
p a t t e r n s  of o f f s e t  p a r a b o l o i d  r e f  l e c t o r s  ," IEEE T r a n s a c t i o n s  on 
Antennas and P r o p a g a t i o n ,  vol .  AP-27, pp. 294-304, 1979. 
[ a ]  P. A. J .  R a t n a s i r i ,  R. G. Kouyoumjian, and P. H. Pathak,  "The 
wide a n g l e  s i d e  l o b e s  of r e f l e c t o r  a n t e n n a s , "  E l e c t r o S c i e n c e  
L a b o r a t o r y ,  The Ohio S t a t e  U n i v e r s i t y ,  Columbus, Ohio, Repor t  
2  183-1, 1970. 
[9 ]  W. V. T. Rusch, "Geometr ical  s c a t t e r i n g  from i n f l e c t e d  s u r f a c e s  
o f  r e v o l u t i o n , "  Tech. Rept. Jet P r o p u l s i o n  Lab., Pasadena,  CA, 
August 1975, 
[ l o ]  !J. V. T. Rusch and 0. Sorenscn ,  "The g e o m e t r i c a l  t h e o r y  of 
d i f f r a c t  i o n  f o r  a x i a l l y  symmetric r e f l e c t o r s  ," IEEE T r a n s a c t i o n s  
on Antennas and P r o p a g a t i o n ,  vo l .  AP-23, pp. 414-419, 1975. 
[ I l l  J. F. Kauffman, W. F. Croswel l ,  and L. J .  Jowers ,  "Ana lys i s  of 
t h e  r a d i a t i o n  p a t t e r n s  of r e f  l e c t o r  a n t e n n a s , "  IEEE T r a n s a c t i o n s  
on Antennas and P r o p a g a t i o n ,  v o l ,  AP-24, pp. 53-65, J a n u a r y  1976. 
[ 1 2 ]  R. Acos ta ,  p r i v a t e  communication. 
[13]  Y. Hwang, C. H. Tsao, and C. C. Han, AP D i g e s t ,  p. 88 ,  May 1983, 
Ho~rs ton ,  TX. 
[14] S. W. Lee and G. A. Deschampr;, "A uniform asymptotic theory of 
electromagnetic diffraction by a curved wedge," IEEE Transactions 
on Antennas and Prcpagltion, - vol. AP-24, pp. 25-34, 1976. 
I151 R. G. Kouyoumjian and P. H. Pathak, "A uniform geometrical theory 
of diffraction for an edge in a perfectly conducting surface," 
Proc. IEEE, vol. 62, pp. 1448-1461, 1974. 
[16; Y. Rahmat-Samii, "Useful coordinate transformations for antenna 
applications," IEEE Transactions on Antennas and Propagation, 
vole AP-27, pp. 571-574, 1979. 
1171 J. B. Keller, "Geometrical theory of diffraction," J. Opt. Soc. 
Amer., vol. 52, pp. 116-130, 1962. 
-
1181 S. W. Lee, "Uniform asymptotic theory on electromagnetic edge 
diffraction: A review," EM Lab. Rep. 77-1, Unicersity of Illinois 
at Urbana-Champaign, Jan. 1977. 
[19] D. S. Ahluwalia. R. M. Lewis, and J. Boersma. "Uniform asvmvtotic 
. .
theory of diffraction by a plane screen," ST& J. Appl. ~ith., 
vol. 16, pp. 783-807, 1968. 
[20] S. W. Lee. "Uniform asymvtotic theory on electromagnetic edge 
- - - .- 
diffractibn: a review," in ~lectromagnetic Scattering, 
P. L. E. Uslenghi, Ed., New York: Academic, pp. 67-119, 1978. 
[21] R. M. Lewis and J. Boersma, "Uniform asympt~tic theory of edge 
diffraction," J. Math. Phys., vol. 10, pp. 2291-2305, 1969. 
[22] H. Goldstein, Classical Mechanics, Reading, MA: Addison-Wesley, 
pp. 107-109, 1953. 
[23] S. W. Lee, "Differential geometry for GTD applications," EM Lab. 
Rep. 77-21, University of 11 Linois at Urbana-Champaign, 
October 1977. 
[24] R. C. Menendez and S.  W. Lee, "On the role of the geometrical optics 
field in aperture diffraction," IEEE Transactions on Antennas a.nd 
Propagation, vol. AP-25, pp. 688-695, 1977. 
1251 R. E. Collin and F. J. Zucker, Antenna Theory Par': 1 New York: 
-' 
McGraw-Hill, 1969. 
[261 A. C. Ludwig, "The definition of cross polarization," IEEE 
Transactions on Ancannas and Propagation, vol. AP-21, pp. 116-119, 
1973. 
(271 S. W. Lee, Y. Rahmat-Samii, V. Galindo-Israel, W. A. Imbriale, and 
R. Mittra, "A baseline design of STC-DBS antenna version 11," Lee and 
Xittra Consultants, Champaign, Illinois. 
[28] C. C. Hung, unpublished work and private communication. 
[29] P. W. Hannan, "Microwave antennas derived from the Casse~rain 
telescope, " IEEE Transact ions on Antennas and ~ro~a~atfon, vol. AP-9, 
pp. 140-153, 1961. 
APPENDIX A 
INSTRUCTIONS TO RUN COMPUTER PROGRAMS 
To run the computer programs on the University of Illinois CYBER 175 
system to compute the secondary pattern of an offset parabolic reflector, the 
user should perform the following 
(1) create input file TAPE2 
(2) run program BALl 
(3) run programs BPT, BFFT 
(4) for plot, use BPLOT3 
The computer commands corresponding to steps (1)-(4) are 




P .LOAD(BPT ,BFFT) ; EXECUTE 
R 
BPLOT3 
The secondary pattern is stored in TAPEl3. 
The input file TAPE2 cont:ists of 14 lines. These inputs are described 
below. 
1. H,D,f,zo -- offset parabolic reflector parameters as depicted in 
Figure 13 
2. 1 - cylinder boundary or 2 -- cone boundary 
3. xc, yc, K1, K2 -- cylinder boundary parameters or P, el, 02, 83 -- 
cone boundary parameters as shown in Figure 5 
4. yl, y2, y3 - Eulerian angles (see Figurc 7) 
5. xl ,y l ,z l  -- source  po in t  coordinates  i n  main r e f l e c t o r  coordinate  
system. 
6 .  a ,b ,  Jt -- p o l a r i z a t i o n  of feed 
7 -  qE,PH -- feed t a p e r  parameter f o r  E- .%. .u ii r . :ane primary p a t t e r n s  
8. L -- l o c a t i o n  of ape r tu re  p lane  beyond the  fo;dl p lane  a s  shown 
i n  Figure 14a ( t aken  t o  be zero)  
9. type i n  1 o r  2 
x1 ,x2,y1 ,y2 a r e  bounds of Za ( s e e  Figure  12.1, N i s  t h e  
number of po in t s  i n  sampling. 
12. 0 -- use UAT o r  1 - use  UTD, 0 -- compute GO and edge-di f f rac ted 
f i e l d  o r  1 -- compute GO f i e l d  only 
13. B1,B2,NFFP - For a t h e t a  c u t ,  i s  t h e  f i r s t  value and O2 i s  the  
l a s t  value  of theta .  NFFP i s  the  number of 0 values f o r  t h e  
secondary p a t t e r n  
14. 1 - use E-fields only f o r  the  aper tu re  f i e l d  c a l c u l a t i o n  o r  2 -- 
use  H-fields only,  PHI -- t h i s  is t h e  constant  !$I value  when 
computing the  secondary pat tern .  
For an a r b i t r a r i l y  shaped r e f l e c t o r ,  t h e  u s e r  should use  t h e  b inary  ver- 
s i o n  of MAIN ins tead  of BALL. However, l i n e s  97 t o  107 must be replaced wi th  
e i t h e r  the  coordinates  of the  po in t s  t h a t  de f ine  the  r e f l e c t o r  o r  t h e  new 
equations t h a t  desc r ibes  t h e  r e f l *  ?,tor. For an a r b i t r a r y  r e f l e c t o r ,  l i n e  1 of 
inpu t  f i l e  TAPE2 has no meaning. Thus, d e l e t e  l i n e  41 of M A I N  and t h e  inpu t  
f i l e  i s  l i n e s  2 through 14 of TAPE2 d ~ s c r i b e d  above. 
i.. 
APPENDIX B 
VIEWGRAPHS FOR A PAPER ENTITLED "CALCULATION OF NEAR-FIELD OF A REFLECTOR BY 
GTD" BY P *  T *  LAM, S. W. LEE, AND R. ACOSTA PRESENTED I N  INTERNATIONAL 
IEEE/AP-S SYMPOSIUM NATIONAL M I 0  SCIENCE MEETING, JUNE 1984 
GTD Analysis of Ref lector Antennas A 
P.T.Lam and S.W.Lee 
and 
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Method 
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Comparison o f  t he  three methods - 
fls a reference, let us represent the 
exact s o l ~ t i o n  oC Es by Lhe following 
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recover A, and 
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A I  
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not accurate for 
wide-angle lobes 
predictr inhni&e 
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What's new in +his ogproach? A 
I .  Edqe- di f f racted Geld is included in 
2 .  Surface oF reClector Corn letel 
arb itrart . P I 
UWIG~NAL PAGE 19 
OF POOR QUALm 
1RIGINAL PAGE I3 
OF POOR QUALITY 
ORlCfNAi PAGE 53 
OF POOR Q U A L m  
Re4 I ector  and f e e d  coordlnnte q s t i z  
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S e cond ay pa-t tern : 
3 -j kr 
E =  - [ s  e uB + +u#] r 
T w o  unitary p o I &I za t ;or? vec t ors : 
ORIGINAL PAGE 5q 
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* With this A 1  approach, the  main beem and  
k. s idelo be regions of +he se-cond crry pat terq 
is accurately computed. 
9 The ref lector shape is completely a d i t  
' ruJ* 
U J by employ;ny I fie FFT. 
x Near -Field rneas~remenb may b e  checked, 
++ This A 1  formulatrbrl r ' ~  s&.itable for 
e x t e n s ~ b n  t o  multiple ref lectors. 
F u t u r e  work 
* extend technrque to 
* array feed 
